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Question Paper Specific Instructions

Please read each of the following instructions carefully before attempting questions :
There are EIGHT questions divided in two SECTIONS and printed both in HINDI and in
ENGLISH.

Candidate has to attempt FIVE questions in all.

Questions no. 1 and 5 are compulsory and out of the remaining, THREE are to be attempted
choosing at least ONE from each section.

The number of marks carried by a question/part is indicated against it.

Answers must be written in the medium authorized in the Admission Certificate which must be
stated clearly on the cover of this Question-cum-Answer (QCA) Booklet in the space provided. No
marks will be given for answers written in a medium other than the authorized one.

Assume suitable data, if considered necessary, and indicate the same clearly.

Unless and otherwise indicated, symbols and notations carry their usual standard meaning.
Attempts of questions shall be counted in chronological order. Unless struck off, attempt of a
question shall be counted even if attempted partly. Any page or portion of the page left blank in the
answer book must be clearly struck off.
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Q1.

(a)

(b)

(c)

(d)

(e)

g A

SECTION A

gigg W €1LELE8. & T fafirse ¥18 o Y9I % €F, T8 TR T {6 guH
I H 80% W TE | F S Siifem w® w8, wiauy fawfaa @ i, e
aTg % et ey o Sfifea wfeeat § @ At 78 AfRe #1 yfdsra, gadt
AT H MG B | §E TSN VAT FITAM <l 40% Sied AfwaHi gat
ITIANT | WS, GUH & AR i 20% Siifgq Hie@dl dEl LT |
W SR, g |

WTTrehar Td shifere feh

() TR SFTIEN § T e Sfifaa | arw |

(i) 8 =R AYERT % =g Sifgq @, afg fon mn 3 76 wom g %
¢ 98 St @ |

< gl IU X q91 Y % WYt sed oI Ikl Bcd S (p.d.f) 8
fxv &, y) =patbxa-l(g -1 PBY 0 X<V <o
=0 =
X 1 U &ed AT Y &4 X 1 Tufdes sed sgeqd shifa |

wH R X, X, Ea aefEes W 8, S W= A |fed @ ded S e
H 3 | TURY 76 X + Xp, A & fo¢ vty B | Siw hifde afg X, + 2%, oft A
& fore wE B |

T e X v wurerss fgug AR =X ], Tl r 9910 % W, r 919 2
U1 O I lnrﬁqmw%lee>%%ﬁmH0;e=%wqﬁWW|
Toen & foe UMP wiierr sma H1Rig qon 5961 &HdT %o ITH hifg |

foug wlerr wfagest &1 W F0 g U Had §ed @l gufse miferE % oy
=S Fea Taad fvarean e w1 HIf |
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(a)

(b)

(e)

(d)

(e)

In the course of an experiment with a particular brand of DDT on flies,
it is found that 80% are killed in the first application. Those which
survive develop a resistance, so that the percentage of survivors killed in
any later application is half that in the preceding application. Thus 40%
of the survivors of the first application would succumb to the second,

20% of the survivors of the first two applications would succumb to the
third, and so on.

Find the probability that

(i) a fly will survive four applications.

(ii) it will survive four applications, given that it has survived the first

one.

The joint distribution of two random variables X and Y has the pdf
fyy & ) =p2Px® 1 (y-xP e Py 0<X <Y <o
=0 otherwise
Derive the marginal distribution of X and the conditional distribution of

Y given X.

Let X;, X9 be independent random wvariables following Poisson
distribution with parameter L. Show that X; + Xy is sufficient for A.
Verify if Xy + 2Xs is also sufficient for L.

Let X be a negative Binomial random variable with parameters r and 0,
r being known and 6 unknown. Suppose the problem is to test
Hp:ib= %2- against Hy : 6 > % Find the UMP test for the problem and

obtain its power function.

Use sign test statistic to find a non-trivial distribution free confidence

interval for population median of a continuous distribution.

A-BRL-M-TUBA 3

10

10

10

10

10



Q2.

(a)

(b)

(c)

(a)

(b)

(c)

T @(t), e FeH F(x) I01 U Tgfeosh =X & AALE: SeH & e
w7, at guiEe {6 [0 - U uw arfirefies wem 2 | 370: $EH W S
B T hINTY |

AT €A
; —|x—p
f(x):2 e A  _—co<x<oo,A>0
—co < L < oo
% 7T STTEOl S B G it |

aH T (X, V) 9gwa: sfea 8 e wiiesdr a9cd %o 8

fX’Y(x,y,9)=eXp [-(% +0y); X>0,Y>0
=i{) 37T

n 3 ¥ wRES # Revr e 9 AR |

If @(t) denotes the characteristic function (ch.f.) of a random variable
with distribution function F(x), show that el®®) — 1l is 5 characteristic

function. Hence find its corresponding distribution function.

For the Laplace distribution
~J x|
f(x)=ﬁe A —co<x<oo, L>0

—oco < L < o0

find the moment generating function.

Let (X, Y) be jointly distributed with probability density function
fx v (x,7,0) =exp [—(% +0y);X>0,Y>0

=) otherwise

Find Fisher information in a sample of n pairs.
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Q3. (a) TG — soishaed YOI W1 TAM hid Y, U U vlH Wideslsl W e
IR YT B o1 THEAH =[aH el SHREa 3Tshas (UMVUE)
cqH HIfTT |
PX=r1l,r=0,1,..m % UMVUE 9 %S¢ 5@l X,, X,, ... X, WA
HeEH §feq (Li.d.) Bin(m, p) § | |

(b) Ueh W= =T 9NER b 9T Hy : 0 = 0y & fo%g Hy : 6 = 0 %1 &
0 % foe UMPU whemr gm S | sees sifafee fag i 6
ElpX) TX)] = o E[TX)].

(¢) TH @ity X «féd § Bin(n, p) BT TE a5 n(p) = 1 (0 <p < 1), p I Td
TTRrerdT Bed B | 91 9 aTehass (afifa fe w1 & ofara) e o wifiew um
HifsTe |

(a) Using Rao-—Blackwell Theorem, derive the uniformly minimum

variance unbiased estimator (UMVUE) of an estimable parametric
function based on a complete sufficient statistic.

Obtain the UMVUE of PIX =r1], r = 0, 1, ... m where X, X, ... X, are
independently identically distributed (i.i.d.) Bin(m, p).

(b) For one parameter exponential family obtain UMPU test for testing
Hp : 6 = 0 against Hy : 8 # 0. Further prove that

Elp(X) T(X)] = o E[T(X)].

(¢) Let X be distributed as Bin(n, p) and n(p) = 1 (0 < p < 1) be the prior
probability density of p. Then obtain the Bayes estimator (under
squared error loss) and the Bayes risk.

Q4. (@ HF AR Hy X ~ flx, 0)), 0, =6, % foeg Hy : X ~v flx, ) F1 T
$ & Y rgepfies wiReear sTgua gdevr (SPRT) g1 3ME9aeh  Jequil &
TS N 8 | 39 ARHROMT s ge, a¥isy fF PN < =) = 1, 0 = 0, 0,
T |
9 X ~ N@©, 1), Hy:0=17% fa5g Hy : 0 = 0 1 &1 & & fog,
fra uftesl s smatha MP wlisor W SPRT W aneTi@ Hy & i@id
wftrest Tl # fowa S=d % A HI oYead HIVT | T feataty
&FHT (ot, B) ST |

(b)  SBd TRl & "ol FEH Sy | ol K T geq wee = aad
o0 IR s Agfews =/ Xy, & 34, et e

P X, =#2K|=97@k+D)

P{ X, =0}=1-27%K

2, % oI sy g @ |
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(c)

(a)

(b)

(c)

SRR % T SISl Sl GO i o fofT, Sedsh YR %k 8 TR % faw Fefdiea
Hia-ghat (‘000 e o) ww i T8

SIS A: 321,206, 17-8, 28-4, 19-6, 214, 19-9, 30-1

FEB: 198, 27-6, 30-8, 27-8, 34-1, 187, 16-9, 17-9

- Tt wlig w1 W P §C UF A wAfee & & ufded A ', SEehl
o = 0-05 T Tl gfteredan s e Hifvu |

[Eeft 71 U(8, 8, 0-025) = 50, (8, 8, 0-05) = 48]
S8l P[U>U (m, n, o)] <.

Let N be the number of observations required by the sequential
probability ratio test (SPRT) for testing

Hy : X ~v f(x, 6,) against Hy : X ~v f(x, 0,), 8, # 6. Stating appropriate
assumptions, show that P(IN <) =1 at 6= 60, 0,

When X ~v N(8, 1), for testing Hy : © = 0 against Hy : © = 1, derive the
expression of the percentage saving in sample sizes under Hj based on
SPRT over the fixed sample size based MP test. Take the strength of
each procedure as (o, B).

State the strong law of large numbers. Decide whether the strong law of
large numbers holds for the sequence of mutually independent random
variables X with distribution

P{Xk =i2k}= o—(2k+1)
P{X) =0}=1-272k

To compare two brands of tyres, the following milages (in ‘000" miles)
were obtained for 8 tyres of each kind :

Brand A: 321, 20-6, 17-8, 28-4, 19-6, 21-4, 19-9, 30-1
Brand B: 19-8, 27-6, 30-8, 27-8, 34-1, 187, 16-9, 17-9

Test the null hypothesis at a = 0-05 that the two samples come from the
same population using Mann — Whitney test.

[Table value : U8, 8, 0-025) = 50, U8, 8, 0-05) = 48]
where P[U > U (m, n, o)] < «.
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Q5.

(a)

(b)

(c)

(d)

(e)

wUE B
SECTION B

ﬁﬂ%@ﬁ%@%ﬁaﬁmﬁww:

y1:91+92+63+84+81

y2=91+83—82—84+82

Y3 =0, +0,-05-6,+¢,

y4=91+(—)4—(5)2—93+s4
STEl 0, 0y, 05 TATO, T &, & ~ (0, 0%), j=1..4 s T T
dfeq & | wEmT EHishl SYoae HINTC T 6, + 0, + 0, + 6, F BLUE 1d
$IT | BLUE &7 Y& oft 5ima Shifvre |
Q‘m"ﬁ'q’ﬁyﬁzp+ai+eij,i=1,...k,j=1, ...nwmﬂ%‘l,aij’s%i.i.d.
N, 62) | p @A o5 & ~FIaH I §A ITH HINT | os (Shaa) &I Rasw

STaferh oM F SR B R ? Ho: Y Gy =0 F1 lE wW H

1=
foru qlieror widesist sgeus hifey |
yeifa Iy % SRSWOR # srag ufiesl ifies =1 dn 2 3l

_ 11<pw<—N11 Si&l n qe N A9 ufogy ok wAf s # qen
ol .

Py THTEAT o 3 FHI % o9 e GeEaY 3 S Uh & Heg Ui 7§ |
qag scilsh TooTed d AT T GHSA & ? IR IYUN 99T Yid Sclieh] alel Ueh
sotieh feqmed w1 STNfTe ey frefafaa ?

1 1 1 0 0]

1 0 0 1 1

0 0 1 0

o o 1 0o 1]
%wsqésc-aﬂsa@aﬂqﬁwqaﬁrﬁqr
X, @M Xy, X, ... X, & §9 9 TeHat T py TR Hifore o
e HRT 61 - p? = (oy; o™ SR oy A ot s wRE

afeem X qur 371 % (1, 1)d 3=wg § |
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(a) Consider the following linear model :

y1:91+92+93+94+81

y2=61+93—92-—84+82

y3:91+82—83—64+83

y4=@1+94—92—63+84

where 0, 0,, 0, and 0, are parameters, B (0, 62),j = 1 e 4 Ej’s are all

independently distributed. Derive normal equations and obtain the
BLUE of 6, + 6, + 65 + 6. Also find the variance of the BLUE.

(b)  Consider a model Vi =M+ ot e

n
testing Hj : ZCi a, =0.

(c) Sho_w

if —

n ==
respectively and p,, is the intraclass correlation between pairs of units
that are in the same systematic sample.

(d) What do you understand by a connected block design ? The following is
the incidence matrix of a block design with four treatments and five
blocks :

Compute the C-matrix of the design.
(e)  Define multiple correlation coefficient p; 5q ﬁ between X; and
Xz, X3, Xp and show that 1 — piz = (611 611)41 where oq1 ahd G

are (1, 1)* elements of the dispersion matrix >, and ¥ respectively.
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izl ki=1, ..

N(0, 2). Obtain least squares solutions of p and ;. When is a linear

parametric function of o;’s (only) estimable ? Derive a test statistic for

n, sij’s are i.i.d.
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where n and N are sample and population sizes
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Q6.

(a)

(b)

(c)

(a)

(b)

A ST C, I (v, b, r, k) & A1 U sl fowisga o1 C-Afgem ® qen Q
UG 3R A w1 afew 8 | wehfa fifve 6 g s fre gae
e s & srafa BQ) = Cr 391 D(Q) = Co?, T&l 7 S9N I9E! i
afewr & 991 o2 TE= yEhe 3 v 3 | 98 oft uefa it 7 17 ¢
TR g Afe ofit et Afe 14 C <t uls Tafee o & =t |

W?ﬂ'r?fQXl ...XN(N“;p),@m‘cé"%gﬁl—qﬁ%NP(LL,Z),2>0§- TRl
= (g .. pp) T T ST 3§ | Wl Hif f

H; :Hﬁﬁpti’sﬂm?ﬁ%%mHO:.ul:;,Lz:...=up,ﬂqﬁmw€5
o, ulieror ufaesis =1 39 T8 =6 L hd &
X'S' ¢)?

= XE X~ P
b S ¢

SRl X 997 S A Ufdey diey Hiew dun Y % Sl AR & 3R
e=(1,1,..1)Y. T AHTT ST F41 BT 2

7 @it &9 #5000 BEfE % TH W o IcAIGH b AEd AH B
AT BT 8 3 A7 IS g T TGl 3ehe Jredias dH & 10% &
=T gl, el [avarear AaUd 95% 8l | E@HSE 1 fo=u U 60% T
B | e gfdesl ST IRenfad & o fore wfietor @1 fufr Hivw |

Let C be the C-matrix of a block design with parameters (v, b, r, k) and
let Q be the vector of adjusted treatment totals. Show that, under the

usual additive fixed effects linear model E(Q) = Cz and D(Q) = Co?
where 7 is the vector of treatment effects and o2 is the common

experimental error variance. Also show that 1”7 is estimable if and only
if 17 lies in the row space of C.

Let X, ... Xy (N > p) be a random sample from Ny, (i, 2), X > 0 where
p=(u;...np) and X are unknown. Show that for testing
Hp:py = py = ... = pp against Hy : not all p’s are equal, the test statistic
can be expressed as

—_— 2]
T-N [Kg;—c_@i)_}
e'S ¢

where X and S are the sample mean vector and the unbiased estimator
of 2 respectively and ¢ = (1, 1, ... 1). What would be the non null
distribution of T ?
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(c)

Q7. (a)

(b)

(c)

(a)

(b)

Suppose it is required to estimate the average value of output of a group
of 5000 factories in a region so that the sample estimate lies within 10%
of the true value with confidence coefficient of 95%. The population
coefficient of variation is known to be 60%. Determine the equation to

calculate minimum sample size. 15

yeidie HifT T T eremss qiis n % 70 v = nk 9190 BIBD % far,

bzv+r-1.

vef¥ta shifere fob v w9 oot fia BIBD & T, r— A T ol =7 2 |

T HHH (HIHA) oA Hivaa i sregg (Rfdew) arelt gt afsedt &
f= affa gt i weemifam o wfenfea e qon weRia Hifg &6 77
ITTRTIOTeRT <hl TEHT 1 Ueh STEEHH $eld 2 |

T o # T urfior @ve (Selis) 1 3 &0 H dier | fAefafaa wwf
ferf¥re Tl o fo1q g 61 woet & Adid & & Tial hl J&A (Ny,) T°1
ﬁﬁlﬁ?l(sh)@fam‘cﬂ%:

: Tiat <6 wE aes e
AL &1
(Ny) (Sy)
il 15 100
2 10 50
3 25 120

20 TTidl 1 T Ffey FHewrern & | Frefefaa % siota yeds e @ fhaw i
Tufaa fre A =fR

(i) oMU e

(i) «H4 fFaE

Show that for a BIBD with v = nk for n, a positive integer, b= v +r - 1.

Show that for a symmetrical BIBD with v even, r — A is a perfect square. 20

Define Mahalanobis measure of distance squared between two
populations with a common positive definite dispersion matrix and show
that it is a non decreasing function of the number of characteristics. 15
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A rural block in a district was divided into 3 strata. The following table
gives the number of villages (N}) and standard deviation (S;) of area

under wheat crop for different strata :

(c)

Stratum No. of villages | Standard deviation
No. (Ny) (Sp)
1 15 100
2 10 50
3 25 120

A sample of 20 villages is to be drawn. How many villages should be
selected from each strata under

(1)

(ii) Neyman allocation ?

proportional allocation ?

- X1l . Sk
Q8. (a) rrm?ﬁﬁqxzpﬂ:{ }aﬁa%mam%ngm,Z)%wﬁaﬁ
X9
K1 390 18
!.1 = % E = » Xl, Xz, lJ-l w H—z p‘m % (1'9]'[ zl: 22
Ho 2o 21 '
. X1+ Xg .
pxp MR & | X & ANAUH Fod IH HirT | T oA
X; - Xy
gcTH AT |
(b)  AH Y X = (X, X,, X,)' 1 Hgwae gy R & mn &
L ’
1 5 O
1 1
R ) i w2
0 — 1
| 42 i
TN & &I Teh! AR Ik gRI TR qufse fammor utg AR |
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(c)

(a)

(b)

(c)

UG THhersh IRaTa i | yefifa Hifaw fr =g aifima g | w39
ghreeE s gese ek foro gmfse s o1 fowfafsda s1gua sTmeherss
ARG 8 | GOmE TME UhR  fU, U oTehers o fSRROT W1 AR
HTeHeTH T g |

B1
be distributed as Ngy(p, X) where p = ,
B2

X4

Let X2px1 =
X
= {zl E;

5 5
p x p matrices. Obtain the characteristic function of X. Derive the
Xl + XZ

}, X;s Xy py and po are p-vectors and X, X, are

distribution of

X1 - Xy

Let X =_(X1, Xz, XS)' has the correlation matrix R given by

) : .
1 —— 0
4.2
1 1
R =|—r 1 -
42 . 42
0 N
| 42

Obtain the first two principal components and the population variance
explained by the first two principal components.

Define a ratio estimator. Show that it is biased. Suggest a suitable
sampling procedure for which the classical ratio estimator of a
population ratio is unbiased. For the suggested procedure, propose an
unbiased estimator of the variance of the ratio estimator.
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