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Question Paper Specific Instructions 

Please read each of the following instructions carefitlly before attempting questions: 
There are EIGHT questions divided in two SECTIONS and printed both in HINDI and in 
ENGLISH. 
Candidate has to attempt FIVE questions in all. 

Questions no. 1 and 5 are compulsory and out of the remaining, THREE are to be attempted 
choosing at least ONE from each section. 
The number of marks carried by a question I part is indicated against it. 

Answers must be written in the medium authorized in the Admission Certificate which must be 
stated clearly on the cover of this Question-cum-Answer (QCA) Booklet in the space provided. No 
m~rks will be given for answers written in a medium other than the authorized one. 
Assume suitable data, if considered necessary, and indicate the same clearly. 
Unless and otherwise indicated, symbols and notations carry their usual standard meaning. 

Attempts of questions shall be counted in chronological order. Unless struck off, attempt of a 
question shall be counted even if attempted partly. Any page or portion of the page left blank in the 
answer book must be clearly struck off. 
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~A 

SECTION A 

QI. (a) qfcfuP:fl ~-tr.tr.tr. ~ ~ fci~lt>?: m ClIB ~ ~ ~' ~ trrn ~ fcn -srwr 
~jSflllll .q 80% 11\ ~ I ~ ~ ~ W ~' ~<q fclChffta ~ ~, ~ 

~ ~ fcnm ~jS1lf1 1 1 it \ifrfcrn qfcfui<jl it -B -q-tft Tr{ qfcful;soil CF>T siRt~1a, L[_cfci<ff 

~jSl'lflll ChT 3TI'm ~ I ~ m >rim ~jSflllll c€t 40% ~ lOJfcRsi4j ~ 

~jsi;qli1 it 11{ ~, >r~ zj- ~jsilllin cfiT 20% ~ qfcRsi;qi ~ ~jsi4'11 it 
11\~,~I 

si 1 ~Cha1 ~ ch1NiQI fcn 

(i) "'CTR ~jSI lf j i i'i it ~ ~ \lftfcm w "CfTQ\1ft I 

(ii) ~ "'CTR ~jsilllin ~ me:: ~ Wit, ~ ~ ~ ~ fcn >rim ~:tsillli1 ~ 

me:; ~ \iflfcr(f ~ I 

(b) ~ ;q1~f-6~th "iiU x <rm Y ~ ~ ~ CF>T si1~Cf>a1 t:Rrcr ~ (p.d.f.) ~ 

fx,Y (x, y) = pa+b xa-1 (y - x)b - 1 e-~Y, 0 < X < y <co 

=O ~m 

X ChT "3"CfR'f m Cfm Y 01 X cnT =~•rn Rt ¢j 'Ef m 61("1hl cf)) Mc; I 

(c) lfR ~ X1, X2 ~ 4 11R'~th ~ t ~ ~ A. m%o ~ m CfiT ~jfl\OI 

cnB ~ I ~ fcn X1 + X2, Ii. ~ ~ ~ ~ I ~ ch1MQ\ ~ X1 + 2X2 tfi A. 

~~~~I 

(d) lfR ffiMQ\ X 1J;Ch ?l{Ol lrlO!Cf) ~ 411R£§<::fl ~ t Sfl"t:l<:'il r Cfm 8 ~ "fll2f, r ~ ~ 

Cfm e ~ 1 ~ f!Af'41 ~ H 1 : e > .! ~ ~ Ho : e = .! cnT w~ cnv:rr 1 
. 2 2 

fl 4 f'4 I ~ ~ UMP ~&11JT ~ <fl M Q\ (!"~ ~ aJl«fT ~ >Tm cfi'1 ~ Q\ I 

( e) N@ ~~ SI RI e:~f\jj Cf)T >r<Wr ~ ~ 1J;Cf) -BM m c€t ~ lffTUf<::fll ~ fu"Q\ 

~ m m;r fcl~Cl l f'4ctl ~ ~ ch1Ml!\ I 
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(a) In the cour se of an experiment with a particular brand of DDT on flies, 

it is found that 80% are killed in the first application. Those which 

survive develop a resistance, so that the percentage of survivors killed in 

any later application is half that in the preceding application. Thus 40% 

of the survivors of the first application would succumb to t he second, 

20% of the survivors of the first two applications would succumb to the 

third, and so on. 

Find the probability that 

(i) a fly will survive four applica tions. 

(ii) it will survive four applications, given that it h as survived the first 

one. 

(b) The joint distribution of two random variables X and Y has the pdf 

fx,Y (x, y) = pa+b x a-1 (y- x)b-1 e-~Y, 0 < X < y < oo 

== 0 otherwise 

Derive the marginal distribution of X and the conditional distribution of 

YgivenX. 

(c) Let X1, X2 be independent random variables following Poisson 

distribution with parameter 'A. Show that X1 + X2 is sufficient for 'A. 

Verify if X1 + 2X2 is also sufficient for 'A. 

(d) Let X be a negative Binomial random variable with parameters rand 9, 

r being known and e unknown. Suppose the problem is to test 

Ho : e = .!_ against H1 : e > .!_. Find the UMP test for the problem and 
2 2 

obtain its power function. 

(e) Use sign test statistic to find a non-trivial distribution free confidence 

interval for population median of a continuous distribution. 
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Q2. (a) ~ <p(t), ~ ~ F(x) Cllci ~ lll1f60Cf> ~ it> W~a:rfUrch ~ -Cf>T mRm 
CR(ff t cIT ~ fch e[<p(t) - ll ~ 3lf~~ ~ ~ I 3la: ~Wm~ 

~ ~ cf)lN'Jq: I 

(b) <.110llfl ~ 

1 
f(x) = - e 

2 )1-

- Ix -µ I 
- oo < x < oo, 'A > 0 

x 
fx y (x, y, S) =exp [- ( - +Sy)]; X > 0, Y > 0 , s 

= o 3Fl"m 
n ~ ~ Sl Rl~~f -ij ff;m ~ "ffi<f ~ I 

(a) If <p(t) denotes the characteristic function (ch.f.) of a random variable 

with distribution function F(x), show that e[<p(t) - l] is a characteristic 

function. Hence find its corresponding distribution function. 

(b) For the Laplace distribution 

-Ix -µ I 
f(x) = _!_ e A. - oo < x < oo, A. > 0 

2A. 
-oo<µ<oo 

find the moment generating function. 

(c) Let (X, Y) be jointly distributed with probability density function 

x 
fx y (x, y, S) =exp [- (- +Sy)]; X > 0, Y > 0 

' 8 
= 0 otherwise 

Find Fisher information in a sample of n pairs. 
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Q3. (a ) uq - ~ChClci m Cf>T ~ ~ ~' 1:!,Cf) ~ ~ si Rlc:~f\Jl "Cf{ wmfur 
3"11 Chfl ;f) 'll Sll :q fa Ch tf)fl1" CfiT l!>Cfifl A H r:<!fl a A >fmUT ~ 3"1 1 Cfifl Ch (UMVUE) 

o:!rq 'il chlNJQ\ I 
P [X = r], r = 0, 1, ... m CfiT UMVUE m cfi) RJil!.. ~ X1, X2, ... Xn tctd::la : 
~ ~ (i.i.d.) Bin(m, p) ~ I 

Cb) 1:!.Cf> ~ :q\1::11aicf)) lfficrn: ~ ~ H1 : e * e 0 ~ ~ Ho : e = o CfiT i:Rf8JUT 
Cfi8 ~ ~ UMPU W8JUT m 4>1~ Q\ I ~ 3"l mffffi ~ ch'lAi q: fco 
E[cp(X) T(X)] = a E[T(X)]. 

(c) 1lR ~ X ~ i Bin(n, p) cfr ~ (f2.ff 1t(p) = 1 (0 < p < 1), p Cf>T ~ 

SllfllChal ~ ~ I m~ 3"11Chf1Cfi (crfihr ~ wR ~~)<rm~ \Jllf@ii >rm 

cf))RJiQ\ I 

(a) Using Rao - Blackwell Theorem, derive the uniformly minimum 
variance unbiased estimator (UMVUE) of an estimable parametric 
function based on a complete sufficient statistic. 

Obtain the UMVUE of P[X = r], r = 0, 1, .. . m where X1, X2, . . . Xn are 

independently identically distributed (i.i.d.) Bin(m, p). 20 

(b) For one parameter exponential family obtain UMPU test for testing 
Ho: e = 0 against H1: 8 -:t- 80. Further prove that 

E [<p(X) T(X)] = a E[T(X)]. 15 

(c) Let X be distributed as Bin(n, p) and n(p) = 1 (0 < p < 1) be the prior 
probability density of p. Then obtain the Bayes estimator (under 
squared error loss) and the Bayes risk. 15 

Q4. (a) l1R (Vf)RJiq; H 1 : X rv f(x, 91), 81 -:t:- e0 ~ ~ Ho : X rv f(x, 80) COT <ffiaJUT 
cnB ~ ~ 3"ljSflr1lcti S1 18lcna1 ~ <ffi8JUT (SPRT) WU 3"J l q~4Cfi ~&1UTI c€t 
~ N ~ I ~ 3lfir~ ~ ~' ~ ~ P(N < 00) = 1, 8 = e0, 81 

-q\ I 

~ X rv N(8, 1), m H1 : e = 1 ~ ~Ho : e = 0 COT W8JUT cpG ~ ~' 
~ sifd<;~T 31n1TCf wmfur MP W&TOT -q"{ SPRT -q"{ 311~ Ho~ ~ 
si Rl c:~r ~ -ij S1ru~ 1 a ~ ~ ~ -cnT ~ 4>1Niq: 1 ~ f9Fi4 1fclm ~ 
~(a,~)~ I 

(b) ~ ~3TI CfiT ~ ~ ~ I ~ cfi)NJQ\ Ff> CFll ~ ~3TI CfiT ~ 
Rw:r ~ ~ 4 1~f6~Cfi ~ xk ~ ~' Niflcti l ~ 

P{Xk =±2k}=2- <2k +l) 

P{ xk = o} = 1 - 2-2k 

t ~ ~ "fllll mm ~ I 
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(c) c:W ~ ~ ~ -cFr ~ ~ ~ ~' ~ m ~ 8 c:W ~ ~ f.?p=;iR-tf@a 
lfm-~ ('000' ~ -q) mB cFr ~ : 

~A : 32·1, 20·6, 17·8, 28·4, 19·6, 21·4, 19·9, 30·1 

~ B: 19·8, 27·6, 30·8, 27·8, 34·1, 18·7, 16·9, 17·9 

l1R - ~ W!tfUI cnr >rW1 m ~ ~ ~ ~ 'B ~ SIRl~~f 3ffir t ~ 
a= 0·05 -q\ R(!Cf)(On'!l qf{Cf)17Y'"Jl cnr Wa:lUT cfi'IN-1~ I 

["fffiUft liR : U(8, 8, 0·025) = 50, U(8, 8, 0·05) = 48] 

~ P[U > U (m, n, a)] s a. 

(a) Let N be the number of observations required by the sequential 
probability ratio test (SPRT) for testing 
H0 : X rv f(x, e

0
) against H 1 : X rv f(x, 8

1
), e

1 
"* e0 . Stating appropriate 

assumptions, show that P(N < =) = 1 at e = e0, e1. 

When X rv N(e, 1), for testing Ho : 8 = 0 against H 1 : e = 1, derive the 

expression of the percentage saving in sample sizes under Ho based on 
SPRT over the fixed sample size based MP test. Take the strength of 
each procedure as (a, ~). 20 

(b) State the strong law of large numbers. Decide whether the strong law of 
large numbers holds for the sequence of mutually independent random 
variables xk with distribution 

P{Xk = ±2k}=2-(2k + l) 

P{ X k = 0} = 1 - 2-2k 15 

(c) To compare two brands of tyres, the following milages (in '000' miles) 
were obtained for 8 tyres of each kind : 

Brand A : 32· 1, 20·6, 17 ·8, 28·4, 19·6, 21 ·4, 19·9, 30· 1 

Brand B: 19·8, 27·6, 30·8, 27·8, 34·1, 18·7, 16·9, 17·9 

Test the null hypothesis at a= 0·05 that the two samples come from the 
same population using Mann - Whitney test. - · 

[Table value : U(8, 8, 0·025) = 50, U(8, 8, 0·05) = .48] 

where P[U > U (m, n, a)] ::::; a. 15 
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'&'US B 

SECTIONB 

Q5. (a) R8Rifurn ~ ~ lR fcRm: c:h'1~1c; : 

(b) 

Y 1 = e1 + e2 + e3 + e 4 + s1 

Y2 =el+ 83 - 82 - 84 + £2 

Y3 = e 1 +e2 -e3 -e4 + E3 

Y4 = e1 + e4 -e2 - es+ s4 

. ~ 2 ,..p. • 
~ el, e2, 83 (fm 84 ~ C!, £j A.I (0, (J ), j = 1 ... 4. s/s B~I «'ld5ld: 

~ ~ I Sl\Hll11r:<:! \HiftCf>{OI ~ ch'lNic; (f2ll el+ e2 + 83 + 84 Cf)l BLUE "SITH 

ch'lN:ic; I BLUE cnT ~ tfr ~ <ilN:ic; I 

~ ~ y .. = µ + ai + £ .. , i = 1, ... k, j = 1, ... n lR ITTR chlN"lc;, i:; • .'s ~ i.i.d. 
lJ lJ lJ 

N(O, cr2) I µ (f2il <Xi ~ 4_'iciA q1f ~ >rm ch'lNic; I Uj's (~) cnT ~ 
n 

SllilHCf> ~ ~ 3"l1Cf>M41'll ~ ~ ? H0 : '1 c. a. = O cnr wa,:rur cn-8 ~ 
~ 1 l 

i = l 

~ wa,:rur sifdc;~f\il ~ cfi')Rc; I 

(c) Sl<;~Ta ch'li)c; fcn SRSWOR "B 9hAiSIQG: stRl<;~T 31-f'qCf) ~ ~ ~ ~ 

_ _ l_ <p <--
1- ~ n (fm N ~: Slfd<;~f 3fu ~ ~ ~ (fm 

n-1 w N-1 

Pw $Cf>1$'4l ~ &f ~ ~ ~ ~ ~q ~\ii)~ m 9hA¢1QG: Slfd<;~f if~ I 

Cd) ~ ~ fu>'=111$'1 ~ 31111 ~ ~ ~ ? 7CfR d4il1u (fm tffq ~ ~ ~ 
~ fu>'=111~;i cnr 3llj~fTtct> ~ Pt8Rifula ~ : 

1 1 1 0 0 

1 0 0 1 1 

0 1 0 1 0 

0 0 1 0 1 

fu'=111$'i ~ C-~ cnT qf{Cf>M'i chlNlc; I 

Ce) x1 <fm X2, Xs, ... XP * ~ ~ •q ~ Pi.23 ... P ~ ~ am 
Sl<;~ra ch!Rc; fcn 1 - p 2 = Ccr cr11r 1 ~ cr (f2ll cr11 ~: wm 

1.2 ... p 11 11 

~q;Cf\8 L (f~ L-1 ~ Cl, 1)~ ~ ~ I 
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(a) Consider the following linear model : 

Y1 = 81 +82+83+84+S1 

Y2 = e1 + e3 - e2 - e4 + 82 

Y 3 = 81 + 82 - 83 - e 4 + c:3 

Y4 = ei + e4 -e2-e3 + s4 

where el, e2, e3 and e 4 are parameters, c:j A./ (0, cr2) , j = 1 ... 4. £/s are all 

independently distributed. Derive normal equations and obt ain the 
BLUE of e1 + e2 + e3 + e4. Also find the variance of the BLUE. 10 

(b) Consider a model y .. = ~t + ai + c; .. , i = 1, ... k, j = 1, ... n , e .. 's are i.i.d. 
D D ~ 

N(O, cr2) . Obtain least squares solutions of µ and ai. When is a linear 

parametric function of ~·s (only) estimable ? Derive a test statistic for 
n 

testing H0 : I Ci ai = 0. 
i=l 

(c) Show that systematic sample is better than SRSWOR 

if - -
1
- < p < - N

1
_ 1 where n and N are.sample and population sizes 

n -1 w 

respectively and Pw is the intraclass correlation between pairs of units 

that are in the same systematic sample. 

(d) What do you understand by a connected block design ? The following is 
the incidence matrix of a block design with four treatments and five 
blocks: 

1 1 1 0 0 

1 0 0 1 1 

0 1 0 1 0 

0 0 1 0 1 

Compute the C-matrix of the design. 

(e) Define multiple correlation coefficient Pi.23 between X1 and ... p 

X2, X3, ... XP and show that 1 - p:.
2 

... P = (cr11 cr11r 1 where cr11 and cr11 

are (1, l)th elements of the dispersion matrix I and L:-1 respectively. 
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Q6. (a) J:fR ~ C, ~ (v, b , r, k) -2f; m~T ~ ~ is';l"l l~'i CflT C-~ R;ctff ~ Cf~ Q 

Bii1~1Nia ~ -mll1 Cf)[ ~ ~ 1 sic::ma ch1Nlq: fcn f11q 1~ ~ f2rIB >rmcr 

tfurCfl ~ -2f; ~ EC Q) = C-r (f~ DC Q) = Ccr2, ~ T ~ >r~ CflT 

~ ~ (f2ff cr2 fl I q I ;o;!j Sii ~I fi'1 Cf) ~ )fffiUf ~ I ~ tft $1 c::~fa cf)) R.1 Q\ fc!:; r '( 
3"11 Cflci41 '4 ~ ~ 3fu: ~ ~ l ~ C cfiT i:ffi:n ~ ~ f?2IB m I 

Cb) J:fR ~ X1 . .. XN CN > p), -q:co '41~~Cfl sifdc::~I ~ Np ( ~t, 2:,), l: > 0 ~, ~ 

~t = C~t1 ... ~tpY (f~ l: 3WRf ~ I SlC::~Ta cNNW: fen 

H 1 : B'lfr ~t/s ~ ~ ~ ~ ~ Ho : ~t1 = µ2 = .. . = µP , CflT W&lUr cnG -2f; 

~' LTtt&lUr Slfdc::~bl Cf;)~~~ Cj1\ ~ ~ 

T = N x' s' x - (X s, E) 
E'S E [ 

-/ -/ 2] 

~ x cr2ff s ~: sifd c::~f mcar ~ cr2ff 2: ~ ~ 3=1 IChciCfl ~ 3fu: 
t: = (1, 1, ... 1)'. TCf)T 3"IR(ICfl(vft4 ~ ~ ~ ? 

Cc) l1R ct!Nlq: ~ ~ ~ sooo ttcte:f\lfi ~ ~ ~ ~ 3c-c11c::1 ~ ~ l1R CfiT 
3"11Cflfud ~ ~ 3fu ~ 3"11C1~'4Cfl i fcti SlfdC:::tl 3i1Chci'i CfFRifciCfl l1R ~ 10% ~ 
~ m, ~ fci~qlflldl ~ 95% m I ~ Cf)1 fci:q(OI ~ 60% Wd 
~ I 4'"idA SlfdC:::tT 31flTI'1 qf{Chf8d cnG ~ ~ f!l{)Cf)(OI Cfil H~ ~ I 

(a) Let C be the C-matrix of a block design with parameters (v, b , r, k) and 
let Q be the vector of adjusted treatment totals. Show that, under the 

usual additive fixed effects linear model E(Q) = Ct" and D(Q) = Ccr2 

where -r is the vector of treatment effects and cr2 is the common 
experimental er ror variance. Also show that l" T is estimable if and only 
if l" lies in the row space of C. 20 

(b) Let X1 ... XN (N > p) be a random sample from NP (~t, I:>, 2:: > 0 where 

µ = C~t1 . .. ~)' and L: are unknown. Show that for testing 

Ho : µ1 = ~t2 = ... = µP against H1 : not all ~t/s are equal, the test statistic 

can be expressed as 

[ 
_, _, 2] _, _, - (X S £) 

T =N x s X - I 

E' 8 £ 

where X and S are the sample mean vector and the unbiased estimator 
of 'L respectively and £ = (1, 1, ... l)' . What would be the non null 
distribution of T? 15 
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(c) Suppose it is required to estimate the average value of output of a group 

of 5000 factories in a region so that the sample estimate lies within 10% 

of the true value with confidence coefficient of 95%. The population 

coefficient of variation is known to be 60%. Determine the equation to 

calculate minimum sample size. 

Q1· (a) Sl<~fa <ilMQ; fcn ~ tHlrJ:JCf) ~ n ~ ~ v = nk crIB BIBD ~ ~' 

b 2:: v+r-l. 

Sl<~fa chlMQ; fcn v Bll ~ flJ:Jfila BIBD ~ ~' r - A~~ crf ~ I 

Cb) ~ "fmH (CfiTJ:R) ~FitrJ:JCf) Pt~a i::ITT:m ~ (~f?cru) qrffi ~ fl11f°62;ql ~ 

~ qfifu ~ cRr 11 ~WHl ~fl l1P:r i::ITT:mm cRl N1 Q; am SI <:;~fa ch1 N1 Q; fcn ~ 
~~ cR tf&n "ChT ~ ~01Bl"lH ~ ~ I 

(c) ~ ™ -ij ~ mlftur ~ (~) en) 3 «ffi -ij ~ -rm I RJ:<1R1futa ~ 
fcfl~ ~ ~ ~ ~ cfi1 ~ ~ ~ ~ ~ rITcIT cfi1 ~ (Nh) <fm ~ 
fcl•>=k'Fl (Sh) en)~~ : 

11fcr1 cfit ~ i:rRCfi ~ 
~ "B&l'T 

(Nh) (Sh) 

1 15 100 

2 10 50 

3 25 120 

20 lITcfi "ChT ~ si Rt <:;~f Pt Cf) 1~H1 ~ 1 f?P•<=i R1 fui a ~ ~ ~ "f<f"{ -B fcF>cR lifer 
:q;qf?!a ~~~: 

(i) ~ ljq I fd Cf) R<:rcR 

(ii) ~~ 

(a) Show that for a BIBD with v = nk for n, a positive integer, b 2:: v + r - 1. 

15 

Show that for a symmetrical BIBD with v even, r - A, is a perfect square. 20 

(b) Define Mahalanobis measure of distance squared between two 

populations with a common positive definite dispersion matrix and show 

that it is a non decreasing function of the number of characteristics. 15 
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(c) A rural block in a district was divided into 3 strata. The following table 

gives the number of villages (Nh) and standard deviation (Sh) of area 

under wheat crop for different strata : 

Stratum No. of villages Standard deviation 
No. (Nh) (Sh) 

1 15 100 

2 10 50 

3 25 120 

A sample of 20 villages is to be drawn. How many villages should be 
selected from each strata under 15 

(i) proportional allocation? 

(ii) Neyman allocation? 

QS. (a) l!R ~ X2pxl = [::J oifui f<i><rr "ffil1 \! N2p(µ, L) it ~ it ~ 

µ = lµ11, I= (I1 I2 J. X1, X2~ µ1 a~ ~L2 p-~ ~ (f~ Il' L2 
~L2J L2 L1 

p x P ~ ~ I X COT ~a;rfUrcn ~>rm cf))~q: I [X1 + X2] COT~ 
X1 -X2 

1 
1 

0 
4.J2 

R = 
1 

1 
1 

412 412 
0 

1 
1 4J2 
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(c) ~ 3=11ctlMCf> ~ cf>)RiJQ\ I Sl~~fa cf>)RiJQ\ fcfi ~ ~ i I ~ ~ 
siRt'i:l""H ~ '§)Sll~Q\ ~ ~ ~ ~ Cf>T filuiRlf&aa ~ 3=11Cf>C1cti 

~ ~ I ~ ~ ~ ~ fu"c;, ~ 3'11ctlMCh ~ ftj:q(OI "Ch"T ~ 
3'11 ChM Ch si fa I fcl a chi NW 1 

(a) Let X2pxl -- [XX21] be distributed as N2P(~t, I) where 

L = (Ii 2:
2 J ' xl, X2, µ1 and ~L2 are p-vectors and 

I2 I1 
are 

p x p matrices. Obtain the characteristic function of X. Derive the 

distribution of [Xi+ X2
]. 20 

X1 -X2 

(b) Let X =. (Xl' X2, X
3
)' has the correlation matr ix R given by 

1 
1 

0 
4)2 

R 
1 

1 
1 

= 
4J2 . 4-J2, 

0 
1 

1 4J2 
Obtain the first two principal components and t he population variance 
explained by the first two principal components. 15 

(c) Define a r atio estimator. Show that it is biased. Suggest a suitable 
sampling procedure for which the classical ratio estimator of a 
population ratio is unbiased. For the suggested procedure, propose an 
unbiased estimator of the variance of the ratio estimator. 15 

A-BRL-M-TUBA 12 


